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Abstract in aircraft trajectories, we consider a linearly growing
This paper considers the air traffic conflict resolu- along-track positional uncertainty measure for aircraft,
tion problem in the context of wind uncertainty. Aircraft Which is primarily a result of wind disturbances. Such
are assigned changes in airspeed to prevent conflict. Th@N a@ssumption can be validated by experimental data and
goal is to determine the optimal maneuver to balance? specific auto-correlation function for the along-track
deviation costs (e.g., fuel costs) and the probability of Wind error. This assumption enables presentation of the
conflict. A two-stage recourse model is developed, in conflict resolution problem through a clear and simple
which new airspeeds are assigned in the first stage, basédfometrical approach, with an analytical expression of
on expected costs due to possible corrective actiondhe probability of conflict as a function of the airspeed

in the second stage. The second-stage considers tHg@nge. The approach draws ideas fréjred [10].

expected costs for any last-minute maneuvers to com-  Similar to the approach ir9] for determining the
pensate wind modeling errors. The resulting model isprobability of conflict, it is possible to build a geomet-
solved in real-time via numerical methods, providing rical and analytical two-stage stochastic optimization
optimal airspeed values for the resolution of a conflict. model to determine the optimal maneuver to prevent
conflicts, taking into account the cost of maneuvers and

Introduction the resulting probability of conflict. Clearly, indepen-
Tolent minimization of each of these two criteria leads to
conflicting solutions. Hence, we minimize a global cost
function that considers a compromise, while constrained

y aircraft specifications (e.g., minimal and maximal
airspeed changes).

There has been significant research in the fields o
air traffic conflict detection and conflict resolution. A
summary of results in both research areas is availabl
in [1]. One key factor in conflict detection and resolution
is the uncertainty in present and future estimations of
the velocity and position vectors of aircraft. These The optimization model is presented as a two-stage
uncertainties may be due to sensor noise (e.g., error iftochastic model, where only speed changes are made
radar Systems) or due to unpredictab|e disturbances suct® resolve conflicts. The first stage considers costs asso-
as wind. Many conflict detection algorithms account ciated with an initial deviation in airspeed. The second
for this uncertainty 2], [3], [4]. On the other hand, Stage considers the expected costs associated with any
only limited research has been done on stochastic aifast-minute speed commands required to prevent conflict
traffic conflict resolution 5]’ [6]’ [7] Given the limited due to unmodeled wind uncertainties. The reSUIting
literature on conflict resolution under uncertainty, some formulation withholds from only utilizing arbitrary risk
studies concerned with developing probabilistic conflict measures such as minimum conflict probabilities or
detection models conclude by stating that there is amixed-cost weightings, as the first and second stage
need to better understand and utilize conflict probability COSts can be posed in the same units.
estimations in conflict resolution algorithmg] [ Hence, The remainder of this paper is structured as follows.
there is a clear need for fully developed and more com-First, we present the geometric analysis of the problem
plete probability based methods for conflict resolution. considering the effect of uncertainty. In the next sec-

In this study, we try to fill this gap by developing tion, we characterize the probability of conflict between
a comprehensive stochastic conflict resolution modeltwo aircraft, followed by the two-stage stochastic opti-
for a pair of aircraft. To characterize the uncertainty mization model. Then we analyze the structure of the
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Figure 1: The encounter model is defined by the intersec-
tion angle, the speeds and the distances of the aircraft to

the intersection distance constraint between the aircraft can be calculated

Figure 2: Four different configurations corresponding to
different speed-ratios between aircraft

problem from a computational perspective, and presenfS: - ,
the results from a sample simulation study. Conclusions D? = x* +y? — 2xycos® > Diyyy. 1)
and future works are discussed at the end of the paper. For a given crossing anglé, when the condition is at
equality, i.e. wherD = Dyp, it is considered to be the
Geometric modeling of aircraft conflicts critical configuration.
We first present a geometric representation of the ~ Since the path of each aircraft is linear, the evolu-

conflict resolution problem, and then discuss how thefion of the encounter, i.e. ,the position of both aircraft
uncertainty due to wind can be included in this geometricin SPace, can be represented by a phase-portrait as in

framework. Fig. 2. The coordina_ltes of a point in the phase-portrait
correspond to the distanc&sandy of the aircraft from
Encounter modeling the crossing point. As time progresses, the state of the

system will traverse a trajectory from the lower left-hand
guadrant to the upper right-hand quadrant. Furthermore,
assuming that the aircraft fly with constant speads,

andv, g, the state trajectory on the phase portrait is a
straight line with slopen, where

To model the encounter between two aircraft, we
use an approach similar to the work presented9h |
and [L1]. Consider an intersection between two air-
craft trajectories,AC; and AG, flying along straight-
line trajectories and crossing at the point O as shown
in Fig. 1. The encounter is defined by the following e dy dy/dt  vaq

characteristics: Cdx dx/dt vig

¢ 0, the crossing angle In Fig. 2, four lines are plotted corresponding to
e d = [xy], the vector composed of the distances of four different configurationsCi, with the same initial
the two aircraft to the crossing point of the aircraft condition d° = [X0,Yo], but different speed-ratiosm,
e Vg = [Vig,V2g], the groundspeed vector of the air- i =1,...,4. Figure2 also contains an ellipsoid, which
craft pair is described by Eq.1) and corresponds to the critical
e Dmin, the minimum separation distance required configuration when the distance between aircraft is equal
between two aircraft to the minimum separation distanBg,n. Clearly, if the
state trajectory remains outside the ellipsoid, then there
The position of the aircraft at some timhé shown  is no conflict (cas€;), whereas a conflict occurs if the
in Fig. 1. A conflict between the aircraft exists if the state trajectory passes through the ellipsoid (cage
distance between the aircrafl, is less tharD,in, atany  The critical speed-ratios occur when the trajectory and
time. Through application of the law of cosines, the the ellipsoid are tangent (cagésandCy).




For initial conditionsd® andvg, conflict will occur  at timetp is (X(tg),Y(to)). The initial position is known

if the speed-ratio is such that within some uncertainty envelope. However, when the
aircraft is traveling along a straight path the estimate of
the aircraft position may be subject to along-track and
cross-track errors with respect to the planned trajectory.
With the advent of modern Flight Management Systems
where ; and ny* are the maximum lower-slope and (FMS) and pilot corrective actions, the magnitude of
minimum upper-slope required for conflict-free travel, any cross-track errors remains small. On the contrary,
corresponding to the cas€s andCy, respectively. The  zjong-track errors are much more significant and tend to
values ofny and mj represent solutions afn to the  grow with time. In fact, since throttle compensation for
following system of equations: regulating groundspeed due to unexpected wind changes
is fuel-inefficient and of little use, the FMS and the pilot

C Vgg C
mf<m= 5% <mf 2)
1,

Yoy . L . .
m= Xo— X aim t% malndtaln_”at cc_msl'iant alrspf[ar:a(tj_, while thg__ ac'iual
groundspeed will typically vary with time according to
X 4y’ — 2xycos = sz"i” 3 the wind speed. Hence, the predicted groundspeed of
d (@+y2 — 2xycosh) =0 @) the aircraft is dependent on an unpredictable parameter,
dt and so is the predicted position of the aircraft. Due to
Q: m errors in the modeling of the space and time-varying
dx wind speed, the along-track error can be significant.
Expressions fonf andnt; can be explicitly derived as a Following the previous assumptions, we only con-
function ofxg, Yo, Dmin, and6. sider the along-track errag (1), wherert is the predic-
tion time. The erroe (1) is the difference between the
Aircraft and wind uncertainty modeling actual along-track distancg(t) flown by the aircraft

Given this geometric framework, we can develop a AG after timeto and the planned (or predicted) along-
probabilistic model in order to capture the uncertainty track distances (7):
in the conflict between the two aircraft. Due to aircraft ~ )
performance envelopes and Air Traffic Control (ATC) a(r)=s(1)-s() =12 (6)
restrictions, the aircraft are limited in the speed change

maneuvers performed to prevent possible conflicts. AS_Accordlng to 10 and [11], the along-track errog (1)

sume that aircraféC; has a minimum airspeed™ and may be modeled as a normally distributed random vari-
a maximum airspeedn® able with a standard deviation growing linearly with

time:
V{nin <y < VX i=12 (4) &(1)=rit.4(0,1) i=12 @)

wherer is the rate of growth of the standard deviation
of (1) and.4(0,1) is a Gaussian distributed variable
with zero mean and unit variance. This along-track
Vig = Vi + Viw, i=172 (5) error model has been validated ih2] by comparing
the estimates with real data. Using these results, the
For the problem at hand, aircraft will be assigned newrate of growth of the standard deviation is evaluated to
airspeedsy;", to resolve conflicts. However, we will be Q25NM/min. Another approach to justify7) is to
make use of both the groundspeed and airspeed variablasodel the wind uncertainty, as it is the dominant cause
throughout the formulation. for any along-track error. Assuming a specific auto-
If an air traffic controller anticipates a conflict, correlation function for the wind along-track speed error,
as determined through a trajectory prediction tool es-the expression in7) can be recovered for the position
timating the future positions of the aircraft, avoidance error (see]3] and [14] for details). The auto-correlation
maneuvers can be issued. From radar measurements (function considers that wind speed errors close in time
GPS navigation solutions), the position of aircraf; (i.e. for small prediction time) are highly correlated,

where the airspeed; can directly be related to the
groundspeed; 4 through any local wind; y, as:



whereas they become less correlated as the predictiowhere,

time 1 increases, which is sensible from a physical
viewpoint. If we rewrite 6)—(7) in terms of speed, we

obtain:

Vig=Yig+rit(0,1), i=172

whereV, g4 is the random variable for the groundspeed,
andvj 4 is the planned (or estimated) groundspeed of the

aircraft according tog).

Probability of conflict

(8)

a<m>:((g)2 f’l’j:+(rl)2>2

_ Vogm P (Vog+V1gm) n ( Vig >
(11)

(r2)? Farz (r1)?

Vog  2PVpgVhg Vig

(r2)? rarz (r1)?

B b? (m) — ca? (m)
alm) = exp{ 201 p?a(m) }

and®(x) = [X, (1/v/2m) e 2"’du. Note that the distri-
bution is defined according gy = [V gV ], r1, 2, and

Given a stochastic representation of ground speedp.

it is possible to derive a relationship for the probability
of conflict between two aircraft under known initial
conditions. In this section, we describe this relationship

Given thatv{4/ri > 0 andP(Vy 4 < 0) ~
make the following approximation:

0, we can

and discuss how changes in airspeed can impact this fM(m) — b(m)d (m) (12)
probabilistic model. V2mrirpad (m)

According to @), a conflict occurs if the speed- For future calculations we will make use df;(m)
ratio 2‘-‘ lies betweenny and mf;, wheremf and mj

are constant parameters for a given encounter configu-
ration (i.e., crossing angle, aircraft departure point$ an sumption thaP(Vy 4 < 0)
minimal separation distance). Using),(we can write

wheneverfy (m) is required.

The approximation that yieldsl®) uses the as-
~ 0. Practically, the condition
}V1 4 < 0} would never occur. Itimplies that aircraft are

the random variabl&, which represents the stochastic flying in winds greater than the airspeed of the aircraft,

speed-ratio of the aircraft:

Vag _ Vag+r242(0,1)
Vig Vig+r1.41(0,1)

M=

The probability density function d#l corresponds to the
ratio of two normally distributed random variables with

correlationp, and is given by 15] as:

b(m)d (m)

fm(m
m(m) = \/_nr1r2a3 m)

o[ m:y“z—pz)]
S

m1r2a2 2

® (m)
1p2

(9)

(10)

and hence, it would never reach its destination. In
addition, from a cost perspective, this is clearly not a
reasonable solution for airline operators.

Two-stage  Stochastic

Model

The two-stage stochastic optimization model
presents a methodology for capturing uncertainty in the
conflict resolution problem by accounting for recourse
actions. We assume that the decision process consists
of issuing first-stage speed adjustment commands to
aircraft in conflict, followed by any necessary second-
stage speed adjustments upon realization that a recourse
action is required due to conflict.

Note that we only consider aircraft speed changes,
and not heading changes, to avoid possible conflicts. The
speed changes are made such that the expected two-
stage cost function over the decision variables is
minimized. More specifically, the initial airspeed%

Optimization



andvd change to/j andv;, where the new speed values

still satisfy @). Any changes in airspeed can be directly

linked to the planned groundspeedq, As a result, the

initial planned speed-ratio® will be updated to the new
ot

planned speed-ratio™ = ;ﬁ.
1g

The motivation behind the two-stage model is as
follows. En route aircraft prefer to restrict speed changes
to maintain fuel economy and to limit the need for
re-submitting flight plans. Overall, aircraft resolution
maneuvers can be classified into two categories: (1) con- 4,
servative commands which guarantee conflict-free flight ] )
at the cost of increased fuel-costs, (2) commands tha[:lgure 3: Phase portrait representation of the standard

. ] .~ deterministic formulation

reduce initial fuel-costs, however, increase the probabil ~~
ity of requiring additional maneuvers to resolve conflict. this problem can be expressed as follows:

——Allowable speed-ratio boundary
— — Feasible speed-ratio boundary

Of these, additional last-minute maneuvers typically minimize gy (v{) +g2(Vv; )
incur costs at a greater expense than the equivalent st
first-stage decision. The proposed two-stage stochastic Vrlnin <vj < v
formulation works towards balancing the cost between Vrznin < v < vinax
overly-conservative and overly-risky conflict resolution g = Vi +Viw (13)
solutions. Vog =V +Vou
it = 20
The second-stage speed adjustments are pre- A <rrl1|gorn‘ﬁ <A

determined for each recourse situation, and do not need
to be considered as decision variables. However, this ~ Again, v{ and vj are the assigned airspeeds
requires explicit generation of possible action-recourseof the aircraft, andm® is the new speed-ratio for
processes and the associated costs. We address the@ system. The bounds onf and v; mean that
issues in the next subsections. To this end, we first conti" is bounded as well. The domain fan* is
sider a single-stage decision process without recours@iven by the closed interva[vgf'g”/ VTngnggx/V'f'gn] =
and describe the corresponding formulation in- deter-[(vIin vy ) /(I vy ), (V¥4 Vo) / (VI 4V ).
ministic and stochastic settings. Then, the two-stageln Fig. 3, the two solid lines emanating from intial
formulation is systematically developed by including ajrcraft stated® represent these bounds on the speed-
recourse actions, restrictions due to aircraft dynamicsratio. Hence, the set of feasible solutions corresponds to
and cost function calculations. the area between these solid lines and the dashed critical
speed-ratio lines defined log; andny.
Similar to this deterministic formulation, we can
Deterministic and Stochastic Single-Stage develop a single-stage stochastic formulation of the
Problems problem based on ao—bounded conflict probability,
where the feasible space of airspeeds is restricted such

Consider again the case with two aircraft with that the probability of any first-stage conflict is less than

crossing trajectories as described previously and illus—g' bLet t(;medaver:;geh wind ?vegla measOLIJrab_Ie dlstantlze
trated in Figl. Given no uncertainty in wind, the ground e bounded such that realizable speed-ratios are also

speed of the aircraft can be calculated exactly. Hence,boundEd' In this case, the problem becomes:

the problem reduces to assigning feasible airspaeds, minimize g1 (vy) +g2(v3)
to the aircraft such that some cost function is minimized.  sit. (v{,vj) e {(v,w)P(M <M <nf (14)
Assuming generic cost functioggv;") for each aircraft, Vi =v,vj =w) <a}
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Figure 4: Feasible region for a single-stage stochastic
problem do ;

where the speed-ratid is the random variable de-
scribed by 9) according tov], vJ andvy w, Vo w.

Examples of the feasible solution space as de-
scribed by the constraints in deterministic problei)(  defined by the recourse-horizon lingg, or If. The
and stochastic problent4) are shown in Fig. 4 for aircraft will continue along the new trajectory defined
o = {1/\/100() 1/1000Q 1/1000’-}, and also the de- by the fixed recourse decision until the state trajectory
terministic case with no uncertainty. The infeasible intersects an optimal-horizon line.
solutions for the deterministic case are located within Both trajectories listed above can be described by
the narrowest band; the size of the infeasible area ané sequence of states which the system passes through.
expands outwards with decreasiog In this instance,  Let dJ P be the switching-state that lies on the upper-
each aircraft is assumed to be initially®I from the  optimal-horizon line, and| be the switching-state that

Figure 5: Possible outcomes for the two-stage stochastic
model

intersection, with a speed range[d00,600 kts. lies on the lower-recourse-horizon line, with the remain-
ing states named similarly. Examples of the states are

Solution Space to the Two-Stage Stochastic identified in Fig. 5. The possible processes are listed

Model below, with the first two trajectories corresponding to

The two-stage model can be constructed by enu-Case 1, and the last two trajectories corresponding to
merating the solution space according to possible trajecCase 2.
tories (no-conflict and conflict-recourse). Figueic-
torially defines these trajectories. Given the initial stat
of the systemd® andV?, aircraft are issued a resolution
commandvt. According to the commanded airspeed
and random wind input into the system, there are two 3 4o _, d’, — d3™
classes of possible outcomé3ase 1The aircraft reach
a point such that it is determined the probability of 4. d® —df dept
conflict is low. In this case, the state trajectory inter-
sects with the optimal-horizon linéS™ or I|°pt, which Using the above state trajectories, the cost function
defines the set of switching-states where the aircraftcan be expressed as the sum of the expected cost of any
may return to the desired or optimal airspeed without conflict resolution decision over the possible outcomes.
concern for conflict, thereby terminating the conflict This requires that the expected cost over each link along
problem. Case 2The aircraft approach a potentially the state trajectory be calculated. First, however, the
unsafe situation. The system will be required to make aplacement of the optimal-horizon and recourse-horizon
fixed-recourse decision upon hitting the switching-statelines needs to be described.

1. d° — d9M

2. d°— d’™



The optimal-horizon lines and the recourse-horizon Optimization Model
lines need to be calculated for the two-stage stochastic  The optimization within this two-stage framework

program. We define these lines based omakeound on  jhyolves minimization of a cost function. In this section,
the maximum acceptable probability of conflict, similar expjicit derivations of the cost function are detailed
to the single-stage model. For the tangent lig&5 1°™, through the use of standard probability theory. Ulti-
I, andlf, the slopes are sufficient to define the equationmate|y, through a series of tightly bounded approxima-
of the lines for any given ellipse. In reference to a gen-tjons, followed by numerical integration, the model is
eral tangent linel*, we usd* andm* interchangeably. shown to be solved in decision-time.

In the single-stage case presented i) the a- As noted previously, the conflict problem is con-
bound defined the feasible space. This is equivalenijgered terminated when the state of the system reaches
to defining the maximum allowable probability of con- ne conflict-free optimal-horizon line. We define the

flict before reaching the optimal-horizon line. For the cost functionG(v+), as a measure of the expected fuel-
recourse case, the recourse-horizon line is arbitrarilygisyyption to the aircratft,

defined by dividing the probability of conflict equally

between both trajectory segments: following the initial G(vh) = E[Cy] + E[Cy] (18)
resolution-command, and after the recourse-command.

Let R1 be the probability that recourse is required, whereE[C;] andE[C,] are the individual expected fuel-
and letP, > be the probability of conflict even after the costs for each aircraft prior to reaching an optimal-
recourse action is taken. According to toebound,  horizon line. The process by which the aircraft reaches
it then follows thatR ;P> < a. For simplicity, let  an optimal-horizon line determines the exact costs. The
maximum probability of conflict for the fixed recourse optimization model requires the minimization dg}
action beR > = \/a. Therefore, the feasible™ is  subject to the feasibility requirements describedlis) (
defined accordingly: Without loss of generality, we first consider aircraft

AC;. Similar results can be expanded A&,. The
+ C Clyt+ +
Ve E {(Vl’VZ)‘P(m' <MV, =V, =ve) < (\ig)} expected cost foAC; can be broken down into four

Wi that if the state traiect fth ‘ segments according to which optimal-horizon line or
¢ assume that It the state trajectory ot the SySteMyq - urse-horizon line the state trajectory intersects:
reaches the recourse-horizon line, it will switch to the
fixed recourse extrema airspeeds to prevent conflict. g~ _ ¢
. . ) . 1] = opt +C1 yeiert + Camel, + Comelr (19
Based on this assumption, the recourse-horizon lines can (Gl LMl LMel, o mor (19)

then be defined by the slopes: where "cross-notationM ® |4 indicates that the state-

trajectory intersects the horizon-ling. The term
m, =inf {MP(M < mjv; = VI vy = V) < Va} Ciwmal, IS given by:
m = sup{mP(M > mjvy = "™ v, = '™ < \/a’}

16) Cimal, = E[C1IM @ IgP(M ® g) (20)

In this manner, the total maximum probability of conflict 1he value of P(M @1g) is dependent on the initial
to reach the optimal-horizon line is boundeddy configuration of the problem and the planned airspeeds.

The optimal-horizon lines are defined in a similar e begin to determine the structure of each expec-
manner. Arriving at the optimal-horizon line the aircraft t@tion in (19) by calculating the expected fuel-cost for
switch to their desired airspeed. The probability of & Planned airspeed” over a given segmerst which is
conflict following the switch should be bounded by determined by the random variale We then integrate

The optimal-horizon lines are then defined by the slopesOVer the space d¥l. The cost over a generic segment
is:

meP =inf {mP(M < mjv = V{", v, =\)*) < a} el
S|y, + _

PPt = sup{mP(M > mivy = V" v, = ™) < o) E[CiIv", 9 =F, (v

(17) :Flfuel(v

B

JE[MIV 5
JAE[1VglvT 9] (21)

B



whereF,"®(v}") [Kg/min] is the fuel-burn function]T;

is the travel time,d] is the distance traveled over the
segment, an¥ 4 is the random variable describing the
groundspeed of the aircraft. The distribution\afy is
defined according to9]. For a fixedm in the sample
space ofM, the distribution of the ground speed is
normal, i.e.Vig ~ A" (V2,g/m, (r2/m)?), where:

To evaluateE[1/Vi4|v',s| over the distribution
(22) we can make use of a tight Taylor series approx-
imation [16], [17]. We define a new random variable

Z = 1/Vi 4 and take the Taylor series expansion about m* e
~ . / .
a=Vzg/m Lo b
= g (a) (vlgs—a)k ‘Z T o
z-y L@ (23) d’ = [z, il

Figure 6: Representation to calculate the distance travetk

Taking the expectation o@), and notingg[(V°—a)"] by the aircraft

is the n'" moment over the normal distribution, the

Taylor series can be rewritten as: and forAG,, the distance is:
? 4 m(m*x +b" —vi)
1 s _
Ezl=m|(1+(22) +2(12) +...] foeg == (28)
qug 2 V2.g ’
(24) Now, for the case in which the initial state trajectory

The series converges quickly for the range of values wentersects the optimal-horizon line, i.e., when no second
are considering. Note that we are making the assumptiorstage recourse is required, Eq25( and @6) can be
E[(V—a)" = E[(V®—a)"|V® > 0], since we assume substituted directly into their respective costs in B§)(
P(V®<0) ~0. LettingA(V24,r2) equal the summation ~ As shown in Fig.5, the range ofm for which this will
of the infinite series, and then evaluating the expectedoccur isimaxm, mo™), ) and(—oo, min(mf, m>™)]. In-
cost in Eq. 1), we get: tegrating the expected cost for both aircraft over this

R range, for a givew™, we get:
E[Civt, 8 = F" (v ) d§mA(Uag,r2)  (25)

. fuel, + ~ opt 40
Similarly, the same process applied to the expected fuel- Crmeign = Floo Vi )A(Vz'gr;]Q)Kd( u,d)
cost forAC; yields: Jrnas(or ey g - A (M)
ds Cy MalP = Flfuel(Vf)A(Vz.ga rz)K(||Opt>do)
fuel - ’ . 0
E[Covt. o = F¥® (v§) EZA(VLQ’ r) (26) .ffln("fm S - d Ry (M) -
The values off§ andd$, the distance traveled for each  C,y om = F,"*(v)A(V1g,r1)K (7™, d0) (29)
alrc_raft, have _yet to k_)e defl_ned._ They are in fa_ct random 'fr;oaxmgnﬁp‘) mf—:rlrﬁpt -dRu(m)
variables. Figures is a pictorial representation of a _ pfuel A K (1OPt 4O
. . . . . 2.MeI°Pt = 2 (VZ) (Vlyg’rl) ( [ )
general case with an arbitrary horizon-line and initial ! min(r PP
starting point. The valued; andd3 are functions ofn, e m_—]r:nlopf -dFRu(m)
the initial aircraft positionsd' = [x,yi], and the line in
question,|*. For AC, and a general liné&*(m',b*), the ~ Where, o . .
distance traveled is given by: K(I",d") = (m"x +b" — i) (30)
o M +br—y, The linel; is defined as the line connectin and the

dj=———— (27)  intersection point betweelj and!f, as shown in Fig.



5. For the case where recourse is required, in particular ~ The procedure was implemented in Matlab using a
when the state trajectory intersects the upper-recoursesingle processing-core of a quad-core 2.66 GHz com-
horizon line, a similar calculation can be performed. The puter with 2GB of memory, and was observed to run
expected cost for this case can then be expressed as: in decision-time in all cases. As an example, at a grid
fuel - spacing ofdv = 5 over a range 0400, 600 kts for each
Cimvarr = F; C(vi)A(Uag,ra)K(15,d° ! . ) o
LMal 1 (A 29’ 2)K(ly',d%) aircraft, and integrating over the spaceMfwithin the

mm(mﬁ mL) dFM (m) _ :
™. el 1 two-tailed a-bound of 2/100C, corresponding tan €
+F (V"“”) (Vrzg, r2) [.57431.7410 with dm = 1/1000, the value of the cost
unction over the complete space was calculated in 2.
mc K™, d, functi h | lculated in 2.3
fma>(m[, e ﬁt dFRu, (M) - dRy, (M) seconds. Clearly, even faster implementations are possi-

(31) ble in other programming environments. Furthermore,

where the first integral accounts for the first-stage coststhe calculations are well suited for evaluation using
and the second integral is a measure of the recours@ultiple processor-cores to improve run-time linearly.
costs. _ _

This process can be repeated A@,, as well as for ~ Simulation results

intersections with the lower-recourse-horizon for both A sample result is provided to develop some intu-
aircraft. These additional costs are then used to completétive understanding of the formulation and cost function.
the definition of the cost function irL8). The following initial conditions were defined for a test
case:

Computational Analysis e Dmin="5NM

Given the complexity of the cost function, it is quite e O =90
difficult to assess the properties of the formulation from 4 d° = [-70,—70)
an analytical perspective. The cost function is neither € [400,600

convex nor quasi-convex over the complete space, even opt 500
when the space is partitioned in half accordingrto = o
mg andm* < nf. Hence, an analytical solution to the ~ ® g \ € (370,570
problem cannot be derived, and numerical methods need ® Vzp =470
to be used. On the other hand, numerical evaluations Viw=0
over the feasible space can be performed in a very fast ¢ r; =r, = .25
and efficient manner. e p=.15

The cost function requires numerical methods to
evaluate a number of integrals over a series of conflictFor this case, we assumed a simple fuel cost function
resolution commandsy*. For the computational cost for each aircraft, defined &&™® = (V"™ —v;")2. The
to evaluate a single instance of the integral of the formcost function 18) was evaluated over a meshgrid with
fn"]“ f(m)dRu(m), we assume that a discretization of the spacing ofdv = 5. The total expected cost for the
probability distribution withky, values over the space is problem when the state trajectory intersects the optimal-
used. Let the space of be discretized au values,  horizon line is shown in Fig7. As expected, the more
andvj be discretized av values over their range. The conservative maneuvers result in increased costs. How-
upper-bound on the total number of required evaluationsever, for more risky actions when the aircraft maintain
of the integral is given by v, corresponding todv  desired speeds{™ = 500 andv™ = 470, the expected
evaluations in29) and 2uv evaluations in31) foreach  costs are also Iow The low expected cost in this region
(Vi ,v3) pair. An additional fixed number of evaluations is to be expected as a result @0 since the probability
are required to calculate the recourse cost, which isstill hitting a optimal-horizon line is low. In fact, if
an inner integral in31). The feasible space is deter- the aircraft maintains airspeeds close to the desired or
mined through evaluation of the cumulative distribution optimal airspeeds, increasing the probability of taking
function. As a result, the complexity of the numerical recourse actions, the expected costs due to required
evaluation procedure B(UVKp). recourse actions is larger, as shown in Fg.



0.012

0.01

Womg
M,

()
0.008 (O
NRNeetvgnessige
Ny T
2 0.006 R st
(8]

Cost

‘|\\\ /]
a0
et ivy/4

0.004 % 1]
I ’ ” Ines.
il

0.002

600

v, 300 400 v, 300 400

Figture 7. Expected cost when state trajectory intersects Figure 9: Cost function evaluated over the domain
[P

0.012
0.01

0.008
0.015 ”
3 0.006

O
0.004

0.01
0.002

Cost

0.005 600

A
7y

TN
P,

';X@:’,{«’t"\‘\\
/ ‘

)
600

v 300 400

Figure 10: Cost function over the feasible space

Conclusions and future work

In an environment where uncertainty is ever
present, and decisions are both safety-critical and cost-
conscience, there is a need for realistic tools to aid air
traffic controllers. In this paper we have presented a for-

The complete cost functio®(v™), involving all mulation for a two-stage stochastic program for air traf-
possible trajectories and evaluated over the entire spacfc conflict resolution with speed changes. The formula-
is shown in Fig.9. The cost function is again shown in tion’s aim is to consider the issue of wind uncertainty in
Fig. 10, but this time only over the feasible space. Note air traffic resolution. Furthermore, the formulation goes
that the function is nonconvex, eliminating the possibil- beyond a simple single-stage optimization model, and
ity of using standard gradient search methods to achieveloes not extend to resolve the stochastic problem con-
guaranteed convergence to a global optimum. Hencetinuously. In this manner, the model developed is both
an enumerative evaluation procedure is necessary. Agobust and practical, as it provides fixed limits on the
discussed, such a procedure can be performed in realworkload and the amount of decision-making required
time and an optimal solution can be identified. For this by air traffic controllers. More specifically, an initial
example, identifying the mimimium cost results in the resolution command is issued, and a fixed recourse is
speed assignments of = 520 knots andvj = 435 provided as needed. And more so, the recourse decision
knots. can be automated without input from the controller.

v 300 400

Figure 8: First and second-stage expected costs when state
trajectory intersects "
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This research is a first-step in answering the ques-
tion, "When should conflicts be resolved?” In Figl
a cost-to-go map is shown for a problem similar to that
described in the Simulation section, with the conflict res-
olution problem solved over a range of initial distances. [7] L. Blackmore, H. Li, and B. Williams, “A prob-

In this case, the intersection angfe= 9¢°, and the abilistic approach to optimal robust path planning
two aircraft have the same desired airspeggd= 500. with obstacles,” inProc. 2006 American Control

Given the cost-to-go map, based on current positions, Conference (ACC’06)pp. 2831-2837, June 2006.
airspeeds, and wind properties, it will be possible to

calculate the cost of issuing a resolution command at the [8] L. Wojcik, “Probabilistic aircraft conflict analy-
present time, or waiting until a more beneficial time. sis for a future air traffic management system,”

Lastly, there is a need to compare speed-change res- Journal of Aerospace Computing, Information, and
olution commands against heading-change resolutions. ~ Communicationvol. 6, no. 6, pp. 393-404, 2009.
Future work involves the development of a similar two- [9] R

X X . Irvine, “A geometrical approach to conflict
stage model with heading-change commands.

probability estimation,’Air Traffic Control Quar-

terly, vol. 10, no. 2, pp. 85-113, 2002.
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