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ABSTRACT

In this research, we propose a variant of the classical Matching Pursuit Decomposition
(MPD) algorithm with significantly improved scalability and computational performance. MPD
is a powerful iterative algorithm that decomposes a signal into linear combinations of its dictio-
nary elements or “atoms”. A best fit atom from an arbitrarily defined dictionary is determined
through cross-correlation. The selected atom is subtracted from the signal and this procedure
is repeated on the residual in the subsequent iterations until a stopping criteria is met.

A sufficiently large dictionary is required for an accurate reconstruction; this in return in-
creases the computational burden of the algorithm, thus limiting its applicability and level of
adoption. Our main contribution lies in improving the computational efficiency of the algo-
rithm to allow faster decomposition while maintaining a similar level of accuracy. The Cor-
relation Thresholding and Multiple Atom Extractions techniques were proposed to decrease
the computational burden of the algorithm. Correlation thresholds prune insignificant atoms
from the dictionary. The ability to extract multiple atoms within a single iteration enhanced the
effectiveness and efficiency of each iteration. The proposed algorithm, entitled MPD++, was
demonstrated using real world data set.

INTRODUCTION

The MPD algorithm has been extensively used to decompose signals for a wide variety of
applications. A special application is Structural Health Monitoring (SHM), the primary motiva-
tion behind this paper [1]. In terms of SHM, primary tasks focus on the detection, localization,
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classification, and prediction of remaining useful life (RUL) of structures and materials. Nu-
merous existing techniques, such as x-ray scattering, Raman spectroscopy, nuclear magnetic
resonance, gamma ray, eddy current method, thermography, mass spectrometry, elastic wave
propagation, and spectrum of surface waves are applicable for SHM. All these techniques may
have different physical mechanisms governing their behavior; however, the same principle of
analyzing sensor data to detect changes in material properties or boundary conditions applies.

In a faulty (or damaged) state, changes in material properties or structural integrity cause a
deviance from the baseline, healthy-state system response. As a result, extracting the character-
istic signatures regarding the quality of health of the structure or material may reveal valuable
information for the prognostics and diagnostics of the system. Feature extraction detects the
primary components of the signal while neglecting much of the inherent noise. However, the
necessity of precision in the decomposition complicates the feature extraction algorithm. Fail-
ure to avoid mediocre or inaccurate decompositions may result in the false classification of the
system’s health.

Numerous feature extraction algorithms exist, including the discrete Fourier Transform,
wavelet transform, MPD, and maximum entropy method. Each of these techniques have their
strengths and weaknesses and some are better adopted for specific applications. These algo-
rithms have various restrictions including: temporal resolution, computational efficiency, ele-
ment orthogonality, and model complexity. It is important to note that the current research is
not intended to make any comparison between the above mentioned techniques, rather the key
issue that has been addressed is the “time-complexity” limitation of MPD which has drawn
considerable interest in recent times.

Although MPD tends to be computationally inefficient for many applications, the dictionary
elements may have fewer restrictions compared to other methods, especially regarding element
orthogonality. This research is focused to improve the computational efficiency and scalability
of the MPD algorithm so that it may be applied more effectively. Two unique techniques are
proposed to accomplish this goal.

CLASSICAL MPD THEORY

The MPD algorithm [2] is an iterative, nonlinear algorithm that decomposes a signal into
a linear expansion of function segments or “atoms” that belong to a redundant dictionary. A
composite dictionary is comprised of arbitrarily defined atoms. During each iteration, the cross-
correlation is calculated for every atom in the dictionary to quantify the degree of similarity
between atoms and the signal. Each atom is normalized to unit energy. As a result, the ampli-
tude of a match is merely the cross-correlation value of the matched atom with the specified
portion of the signal. The dictionary’s best match, the atom with the largest cross-correlation
value, is extracted from the signal and stored for later reconstruction or classification. MPD is
an greedy algorithm that extracts the largest amount of energy possible per iteration. Greedy
algorithms conduct each iteration independently with no knowledge of previous iterations and
with no concern for future iterations. The numerical procedure for the MPD algorithm is shown
in the following pseudocode.

The residual after k iterations is represented by R%[n], where the signal is notated by z[n)].
In Algorithm 1 (step 2), RY[n] represents the initialized state prior to the first iteration. The
best fit atom from dictionary D is determined through cross-correlation with the residual as
shown in Eqn. 1. The selected atom is subtracted from the signal (step 6) and the procedure



Algorithm 1 Matching Pursuit Decomposition
1: Build Dictionary: D = {dy1,dz....dy; ... dy,}, where o, (t) = —=d (%) ¢ 2mrint
2: Initialize Kgop, Ostops k = 0, R2[n] = z[n], EY = | R,

MPD routine
3: while k£ < K, or Ejj > Os10p dO
4. ab, = (REn], df;
5. Select dictionary element whose time correlation with the R¥[n] is maximum
6:  RE[n] = RE'[n] — af,dk;[n]
7 k=k+1, EF = || R,
8: end while

is repeated on the residual in the subsequent iteration. The ' matched atom is represented by
d.; and its corresponding cross-correlation with a.;, where the parameters for a particular atom
are notated by ~.

ayi = argmazq,,cp |(REn], dyi)| (1)

The algorithm is repeated until a stopping criteria is reached: a specified number of matches
are removed from the signal or a designated amount of energy is extracted from the signal.
These criterions establish a definition for the completion of the decomposition and their values
are typically determined by the nature of the application. Once decomposed, the modeled signal
2 may be reconstructed using Equation 2.

k
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PROPOSED ALGORITHM: MPD++

Related research has been conducted to improve the computational performance of MPD
including: coarse-fine grids, interpolation, and particle filters [1] [3]. Several other research
efforts in this area may be found in the following literatures: [4] [5] [6] [7]. A common approach
involves the implementation of an intelligent, self-adaptive, or reduced-in-size dictionary to
assuage the complications caused by over-complete dictionaries. However, none of the above
techniques implement a feedback loop between the iterations and the dictionary. We have
advanced this concept by developing an algorithm that dynamically reduces the size of the
dictionary based on the results of the previous iteration. Our second effort deals with the
“Multiple Atom Extractions” technique which modifies the structure and flow of the algorithm.
To the best of the authors’ knowledge, no prior research discussing multiple atom extractions
has been published.



Sparser Dictionary with Correlation Thresholding

The MPD algorithm’s bottleneck lies in the computation of the atoms’ cross-correlation
values. The operations required to compute the cross-correlations for L atoms with a signal
of dimension M have a high complexity of O(LM N), where N is the length of the reference
signal. The complexity may be reduced by decreasing the size of the dictionary. While a
sufficiently large dictionary is required for accurate decomposition, a majority of the atoms
may not be used throughout the decomposition process. The removal of these unused atoms
from the dictionary reduces the size of the dictionary and potentially offers significant increases
in performance with no cost in accuracy.

Correlation Thresholding (CT) begins by calculating the correlation values for every atom
in the dictionary through a standard MPD iteration. Next, the correlation ratio for each atom is
calculated. The correlation ratio, CR, for a particular atom is defined as that atom’s maximum
correlation value divided by the largest correlation in the dictionary (Eqn. 3).

CR, — (Rln), dyi) 3)
" argmaza,ep [(RE[n], d,;)|

CT applies a threshold to the correlation ratio for each atom in the dictionary. Atoms with
correlation ratios above the threshold form the reduced dictionary; atoms that do not satisfy
this threshold are rejected. This reduced dictionary is used in the subsequent iterations instead
of the full, base dictionary. With fewer atoms to analyze, the algorithm requires less time per
iteration. After a repruning criterion is met, the reduced dictionary will be thrown out and the
base dictionary will be repruned to generate a new reduced dictionary. The performance of the
CT modification is governed by three thresholds:

e Reduction Threshold: This threshold specifies the minimum correlation ratio admitted into
the reduced dictionary. The following two thresholds are determined relative to but operate
independently of the reduction threshold. After the construction of the reduced dictionary,
the reduction threshold plays no role in the algorithm until the next repruning.

e Ultimate Threshold: The ultimate threshold dictates the absolute minimum correlation ratio
value accepted as a match in the decomposition. To ensure an up-to-date reduced dictionary,
it must be repruned occasionally from the base dictionary. If the current match’s correlation
ratio violates the ultimate threshold, the match will be discarded, the dictionary will be
repruned, and the iteration will be repeated. Otherwise, the algorithm will extract the match
and continue onto the next iteration. A violation of this threshold wastes computational
time, but helps to ensure the integrity of the reconstruction.

e Reprune Threshold: If the dictionary is repruned just before the ultimate threshold is
breached, the algorithm may avoid the rejection of a match, repetition of an iteration,
and waste of computational resources. The reprune threshold is the second factor in the
repruning of the dictionary and helps to ensure smooth flow of the MPD++ algorithm. This
threshold is typically set slightly above the ultimate threshold. As a result, the dictionary
may be repruned before the ultimate threshold is violated. If the current match’s correlation
ratio is below the reprune threshold and above the ultimate threshold, it will be subtracted
from the signal and the dictionary will be repruned at the beginning of the following itera-
tion. Setting too high of a reprune threshold will cause the algorithm to excessively reprune
the dictionary at the expense of potential performance gains.



The thresholds and correlation ratio of the matched atom determine the action taken by the
algorithm. As long as the correlation ratio is above the ultimate threshold, the atom will be
extracted. If no thresholds are violated, the algorithm will simply extract the atom and continue
onto the next iteration without affecting the dictionary. Figure 1 shows a flowchart for the CT
technique. Dashed arrows and boxes indicate steps that differ from classical MPD.

The melody of interactions between the reprune and ultimate thresholds directly influence
the gains in computational performance and the accuracy of the reconstruction. The optimal
thresholds are dependent on the signal being decomposed. However, depending whether the
emphasis is on obtaining better accuracy or faster results, the thresholds may be approximated
and still produce significant increases in performance.

Accuracy is often of primary importance. Unfortunately, standard MPD is often too com-
putationally expensive to employ. Modifications that reduce the computational burden of the
algorithm are desirable; however, reconstructions with an improved algorithm are often re-
quired be identical to those produced by classical MPD. Correlation Thresholding may be ap-
plied without losing accuracy. When identical values are selected for the ultimate and reduction
thresholds, the algorithm will discard any matches with a correlation ratio smaller than atoms
previously rejected from the reduced dictionary. This prevents the extraction of any matches
when an atom that was removed from the reduced dictionary may offer a better match.

The fastest possible reconstruction while maintaining respectable accuracy may often be
the primary focus. If the ultimate threshold is set at a value below the reduction threshold,
the improved algorithm will be able to extract more atoms before having to reprune the base
dictionary. However, it is possible for the algorithm to select an atom that normally would not
have been picked or miss the true best match for that iteration because it was not present in
the reduced dictionary. Significant gains in computational performance may be obtained at a
decrease in accuracy that is acceptable for many applications.
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Figure 1: MPD++ Flowchart for Correlation Thresholding



Multiple Atom Extractions

With even the most effective, abridged dictionary, MPD is fundamentally limited by the
nature of its own existence. The iterative basis guarantees that numerous calculations must be
performed to obtain the final decomposition. The extraction of multiple atoms per iteration is
proposed to reduce the computational burden of the algorithm. The Multiple Atom Extraction
(MAE) modification alters the flow and organization of the MPD algorithm instead of merely
addressing the encumbering effects caused by excessively large dictionaries.

Classical MPD determines and extracts the single best-correlated atom. However, MPD++
determines a specified number of atoms with the largest correlation values, referred to as the
“top atoms”. Next, the algorithm subtracts the absolute best-correlated atom from the dictio-
nary; this atom is referred to as the “primary atom” and all other top atoms are called “secondary
atoms”. Then, the algorithm determines whether the next best correlated secondary atom over-
laps the footprint of a previously removed match. Any overlap will result in a rejection of the
atom; however, if no overlap exists, the atom will also be subtracted from the dictionary. The
process is repeated until all of the stored top atoms are either extracted or rejected. When this
condition is reached, the algorithm will proceed onto the next iteration.

ATTEMPTED NUMBER OF ATOMS TO EXTRACT PER ITERATION

As the algorithm attempts to extract more atoms per iteration, the time complexity and
amount of extracted energy tends to decrease. For conservative, accurate reconstructions, it is
recommended to attempt extraction on a small number of atoms per iteration. For maximum
performance, numerous atoms may be extracted in each iteration. In fact, if an excessively
large number of top atoms are stored, the modification offers incredible performance increases
with only a minor loss in reconstruction accuracy.

TOP ATOM TRACKING

Sometimes the algorithm will uncover atoms that overlap but model different parts of the
signal, such as different frequency components. The “Top Atom Tracking” (TAT) mode offers
previously rejected secondary atoms an additional chance to be extracted. If TAT is active, the
algorithm will store an extra top atom to use as a reference; extraction will never be attempted
on this extra stored atom. After the first pass through the list of the top atoms and the extraction
of as many atoms as possible, the algorithm will recompute the correlation values for the top
atoms that were rejected in the previous pass due to a footprint overlap. If these atoms have a
correlation value larger than the extra top atom stored, the atoms will be extracted; otherwise
these atoms will be permanently rejected from the current iteration. This process of rechecking
secondary atoms repeats until all secondary atoms are either extracted or rejected.

RESULTS AND DISCUSSIONS

The results for the MPD++ algorithm with various combinations of the modifications are
shown in Table I. The reconstruction accuracy is evaluated using normalized mean squared
error (NMSE) as a metric. For the CT modification, the emphases of accuracy (“Acc”) and
performance (“Perf”) are designated. The number of attempted atoms extractions is indicated



Table I: Observed reconstruction accuracies (NMSE) and run times of the MPD++ algorithm

Algorithm Modifications Accuracy Run time
CT | MAE | AAE | TAT | N G2 | (sec)
MPD - - - 0881 | 20784
MPD++ | Acc | - ; . 0881 1092.3
MPD++ | Perf | - ; 0881 1044.2
MPD++ | - | ¢ | 5 ; 0882 1495.7
MPD++ | - | ¢ | 20 | - 0887 1162.2
MPD++ | - | ¢ | 50 | - 0887 970.9
MPD++ | - | ¢ | 140 | - 0889 808.1
MPD++ | - | v | 5 | v 0881 1216.0
MPD++ | - | ¢ | 20 | ¢ 0882 725.8
MPD++ | - | ¢ | 50 | v 0884 454.0
MPD++ |Acc| ¢ | 5 | v 0881 571.0
MPD++ |Perf| ¢ | 20 | ¢ 0882 348.9
MPD++ | Perf | ¢ | 140 | v 0887 235.4

by the column “AAE”. The reference and reconstructed signals are represented by = and &
respectively.

During the performance and accurate CT tests, time complexity reductions of 1.9 and 2
times, respectively, were observed. During the accuracy test, the integrity of the decomposition
was guaranteed at a cost of performance; coincidentally, the performance mode was able to
match the NMSE of accurate CT test.

The performance increases for the Multiple Atom Extraction technique depend on the num-
ber of attempted atom extractions per iteration. With five attempted atom extractions per itera-
tion, a performance gain of 28 percent was observed. When decomposition was attempted on
twenty and fifty atoms per iteration, performance gains of 44 and 53 percent were accompa-
nied by subtle cost in reconstruction accuracy. As the extraction of more atoms per iteration
is attempted, the performance gains tends to increase. However, there is an upper limit on the
number of attempted extractions per iteration that will result in improvements in computational
efficiency. This boundary was determined, a test with 140 top atoms resulted in a 2.6 times re-
duction in the time complexity. Additional accuracy was sacrificed while producing no further
performance gains when higher numbers were used. Top Atom Tracking significantly reduced
the time complexity and appeared to slightly improve the accuracy of the reconstruction.

The MPD++ algorithm was tested with both modifications active. When these modifica-
tions emphasized accuracy, the algorithm extracted a similar amount of energy as classical
MPD while requiring only 27.5% of the elapsed time. In the performance-centric tests, the
MPD++ algorithm decomposed the signal 6 times faster than the standard algorithm. When the
modified algorithm was pushed to its limits to determine the absolute maximum performance
gains possible, the elapsed time was reduced by a factor of 8.8.

The tested signal consisted of 10,000 data points with features of interest stretching across
a substantial portion of the signal. Due to its nature, the tested signal is particularly suscepti-
ble to experience dramatic performance gains with Multiple Atom Extraction and Correlation
Thresholding. While most signals will experience significant performance gains, the degree of
performance or accuracy enhancement is highly dependent on the signal.



CONCLUSION

The paper presents a variant of the MPD algorithm with dual emphases on accuracy and
performance considered. The results confirm that the two modifications successfully improved
the scalability and computational efficiency of the MPD algorithm. Correlation Thresholding
decreased the time complexity by reducing the dictionary size. Multiple Atom Extraction also
reduced the time complexity by decreasing the number of iterations required for a stopping cri-
terion to be reached. Due to the nature of these modifications, they are capable of being stacked
and have cumulative effects. The MPD++ algorithm was demonstrated using an over-complete
dictionary on real life data. Reductions in computational time of 3.6 and 6 were observed for
the emphases of accuracy and performance, respectively. Substantial performance increases,
such as a 8.8 times improvement in time complexity, may be achieved at a slight cost in accu-
racy when knowledge of the signal is applied. The MPD++ algorithm was programmed using
Matlab; the files are available on NASA’s Discovery in Aeronautics System Health website
(https://dashlink.arc.nasa.gov).
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